In this paper an operable, universal and simple theory on the attractiveness of the invariant manifolds is first obtained. It is motivated by the Lyapunov direct method. It means that for any point − → x in the invariant manifold M,
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Introduction
The theory of invariant manifolds (shorten for IMs) is very important to the reduction of the higher-dimensional and complex systems, synchronization of the coupled and complex chaotic systems. The existence, uniqueness and multivaluedness of the IMs can be solved by the theory of Partial Differential Equations (shorten for PDEs) since the differential equations governing the IMs are in fact the first-ordered quasi-linear PDEs. So the existence and number of IMs are equivalent to those of the analytic solutions of the first ordered quasi-linear PDEs. The existence and uniqueness of the IM can be determined by Cauhy-Kawalewskaja Theorem [1] . And several IMs appear if the above theorem doesn't hold. Since the general analytic solutions of the first ordered quasi-linear PDEs can't be solved explicitly, the expression of IM can be approximated only by the numerical method. The another important question of the IMs is their attractiveness.
The attractiveness of the IMs is a difficult and unsolved question. Some authors present the different methods to solve it. Fenichel [2] obtained the sufficient conditions for persistence of a diffeomorphic IM under perturbation of the flow in terms of generalized Lyapunov type numbers, and the smoothness of the perturbed manifold. The concept of normally hyperbolicity has been proposed in [2] − [5] , i.e., the contraction of the flow is r ≥ 1 times exponentially stronger in the direction normal to the manifold than within the manifold. Josić introduced a modification of Fenichel theory which applied to chaotic synchronization, proposed a necessary and sufficient condition for such persistence was r normally hyperbolicity, and discussed the Lyapunov-exponent-like quantities used to determine the transverse stability of synchronization manifolds [6] . But these methods are too abstract to be employed. The other gave the operable but not general method to attack it, for example, Gorban put forward the approach that the stability of the equilibria of the invariance equation, which correspond to the slow IMs, is equivalent to that or attractiveness of the corresponding slow IMs, thus the slow IMs' stability can be obtained by the corresponding stability [7] . There is a generalization that the IMs' stability or attractiveness is also equivalent to stability of the corresponding equilibrium of the invariance equation. But if the IM is not also the equilibrium of the invariance equation, such as the global periodic solutions, the attractiveness can't be solved in this way. Thus an operable, simple and general method is looked forward to appearing to consider the attractiveness of the IMs.
In this paper a new method of the attractiveness of the IMs is first proposed. The attractiveness of the IMs is equivalent to that the nearby orbits will intersect continuously inward with the normals of IM, or the tangent of the orbits passing the normals intersect at obtuse angle. Obviously the latter suggests the inner product of the tangent vectors of the orbits and the normal vectors of IM is negative. This idea is motivated from the attractiveness of the equilibria by the theory of Lyapunov direct method [8] . Then some examples are presented to verify this idea.
The structure of this paper is the following: the theory of the attractiveness of the IMs of the two-dimensional dynamical systems is derived in Section 2; then some illustrative examples are presented in Section 3; at last the conclusion and discussion are given.
Attractiveness of the IMs of the two-dimensional dynamical systems
There are several equivalent arguments on the attractiveness of the IMs of the two-dimensional dynamical systems. And an operable, simple and general method can be achieved by them. If the IM is attractive, then the orbits in some neighbor field will be attracted to it and close to it, i.e., the distance of the nearby orbits to the IM will tend to zero as time tends to the positive infinity. The latter is equivalent to that the nearby orbits will intersect continuously inward with the normals of IM, or the tangent of the orbits passing the normals intersect at obtuse angle. Obviously the latter suggests the inner product of the normal vectors of IM and the tangent vectors of the orbits passing the normal is negative. This idea is motivated from the attractiveness of the equilibria by the theory of Lyapunov direct method [8] . It means that if the gradient gradV of the normal along the equipotential surfaces V ≡ c of the V function cross the tangent of the orbit, then the orbit won't traverse outward the equipotential surfaces V ≡ c, thus the equilibria are asymptotically stable.
Remark1. For the attractiveness of the IMs, it is required that the separation angle of the tangent of the orbit passing every point on the normal of every point on the IM and the normal is only obtuse angle but not other angles including the right angle, i.e., their inner product is negative but not positive or 0.
Remark2. Here the separation angle of the tangent and the gradient gradV of the IM is not considered, since it judges if the orbit cross the IM.
By the uniqueness of the solution of the ODEs, the orbit is impossible to cross the IM. Thus we must consider if the the orbit cross inward the normal and close to the IM.
Remark3
. If the IM is the closed curve, such as the periodic solution or limit cycle, then not only the inward attractiveness but also the outward attractiveness must be both considered.
Then the theory for the attractiveness of the IMs is obtained.
Theorem1 Assuming the manifold M is the IM of the two-dimensional dynamical system−
, for ∀ − → x ∈ M, n( − → x ) is the normal passing by − → x , and
is the tangent of the orbits of the dynamical system passing − → x ′ , then the attractiveness and repulsiveness are obtained,
or the inner product of the normal vector − → n ( − → x ) and tangent vector
2. otherwise, if the tangent f ( − → x ′ ) intersects at sharp angle with the normal n( − → x ), or the inner product of the normal vector − → n ( − → x ) and tangent
intersects at right angle with the normal n( − → x ), or the inner product of the normal vector − → n ( − → x ) and tangent vector
Then the attractiveness of the IMs in the two-dimensional dynamical systems, such as that of the equilibria, their stable and unstable manifolds, the periodic solutions (i.e., global solutions) and other IMs, is considered by Theorem 1. It displays the correctness, universality and simpleness of Theorem 1.
Examples of attractiveness of different IMs

Attractiveness of equilibria
The equilibria can be assumed to be zero without the loss of generality.
Their normal is y = kx, ∀k ∈ R since their tangent is the point (0, 0) and they are orthogonal. The attractiveness of all kinds of simple equilibria, i.e., the focus, node, saddle and center, will be considered by Theorem 1 in this section.
Focus
The considered system is
(0, 0) is the stable focus of system (2) and attractive. (0, 0) is also it's IM. The normal of the focus (0, 0) is y = kx, ∀k ∈ R. Let (x ′ , y ′ ) is any point in the normal y = kx, i.e., y ′ = kx ′ . The tangent vector of the orbit passing (
In the first quadrant, the normal vector
By Theorem 1, the focus is attractive in the first quadrant.
In the second quadrant, the normal vector is − → n ( − → x ) = (−1, −k) T and the
In the third quadrant, the normal vector is − → n ( − → x ) = (−1, −k) T and the inner product
In the fourth quadrant, the
So the focus is attractive in the other quadrants.
Thus, the focus is attractive in the all quadrants of the plane.
The repulsiveness of the unstable focus is also considered here. For the
(0, 0) is the unstable focus of system (4) and repulsive. The normal of the focus (0, 0) is still y = kx, ∀k ∈ R. The tangent vector of the orbit passing
T . In the first quadrant, the normal
By Theorem 1, the focus is repulsive in the first quadrant. Thus the focus is repulsive in the full plane.
Node
(0, 0) is the stable node of system (4) and attractive. (0, 0) is also it's IM.
The normal of the node (0, 0) is still y = kx, ∀k ∈ R. The tangent vector of the orbit passing (
In the first quadrant, the
In the second and third quadrants, the normal
2 )x ′ < 0 since x ′ < 0. In the fourth quadrant, the normal vector is
Thus, the node is attractive in the full plane.
The repulsiveness of the unstable node is also considered here. For the
(0, 0) is the unstable node of system (5) and repulsive. The normal of the node (0, 0) is still y = kx, ∀k ∈ R. The tangent vector of the orbit passing
In the first quadrant, the normal vector is
By Theorem 1, the focus is repulsive in the first quadrant.
Thus similarly the unstable node is repulsive in the full plane.
Saddle
(0, 0) is the saddle of system (6) and unattractive. The tangent vector of the orbit passing (
In the first quadrant, the normal vector is − → n ( − → x ) = (1, k) T and their inner product is − → n ( − → x ).
2 )x ′ and is not sign definite, since k is varying. Thus, the saddle is unattractive.
Center
(0, 0) is the center of system (7), stable and but unattractive. The tangent vector of the orbit passing (
In the first quadrant, the normal vector is − → n ( − → x ) = (1, k) T and their inner product is
In the other quadrants, their inner product is always
Thus, the center is neither attractive nor repulsive. It is just stable but not asymptotically stable.
Attractiveness of periodic solution
For the canonical system
obviously there is a stable periodic solution, or limit cycle, a global solution 
In fact the stable periodic solution x 2 + y 2 = 1 isn't the equilibrium of the invariance equation (9) and it's attractiveness can't be considered in terms of the method in [7] . But it's attractiveness can be deduced by Theorem 1 in Section 2. Since it is the closed curve, not only the inward attractiveness but also the outward attractiveness must be considered. 
The inner product of the the inward normal vector − → n i ( − → x ) and the tangent
The inner product of the the outward normal vector − → n o ( − → x ) and the tangent 
The inner product of the the outward normal vector
since x ′ < x 0 < 0. In the first quadrant, the inward normal vector is
The inner product of the the inward normal vector − → n i ( − → x ) and
since x ′ > x 0 > 0. In the fourth quadrant, the inward normal vector is
The inner product of the the inward normal vector
since x ′ > x 0 > 0. By Theorem 1, the periodic solution is attractive inward and outward in the full plane.
Attractiveness of stable and unstable manifolds of the equilibria
obviously the zero is it's saddle equilibrium, x = 0 and y = 0 are respectively the zero's stable and unstable manifolds. These manifolds are also the IMs, The tangent vector passing any point (x 0 , y ′ ) in the normal, where
inner product of the the upward normal vector − → n u ( − → x ) and the tangent vector 
inner product of the the rightward normal vector − → n r ( − → x ) and the tangent
since x ′ > 0. The leftward normal vector is − → n l ( − → x ) = (−1, 0) T . The inner product of the the leftward normal vector − → n l ( − → x ) and the tangent vector 
Attractiveness of the "real" IM
There are the IMs satisfy the definition of IM other than the equilibria, limit cycle, stable and unstable manifold. They are called as the real IM.
For the system
obviously y = −x is the IM of system (24). Let any point (x 0 , y 0 ) in the IM, where y 0 = −x 0 , the upward normal passing point (x 0 , y 0 ) is y = x−x 0 +y 0 = x − 2x 0 . Let any point (x ′ , y ′ ) in the upper normal, where
where x ′ > x 0 . The upward normal vector is − → n u ( − → x ) = (1, 1) T . The inner product of the the upward normal vector − → n u ( − → x ) and the tangent vector
inner product of the the downward normal vector − → n d ( − → x ) and the tangent
since x 0 > x ′ . Thus the IM y = −x is attractive upward and downward by Theorem 1.
Conclusion and Discussion
In this paper, we first present an operable but not abstract, universal will be too difficult to be obtained. Their inner product is hard to be derived.
On the other hand, this method can be applied only in the case that the expression of IM is analytically known. But the closed form of IM, such as the synchronization manifolds in the generalized synchronization, is usually hard to be solved since it is in fact the solution of a first-ordered quasi-linear
PDEs. But we can obtain their approximated expression and consider their attractiveness or repulsiveness by Theorem 1. These will my next work.
